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Introduction
Neo-classical asset-pricing models rely on the assumption that market participants can buy, sell and short sell securities at no cost. In practice, short selling a security is not as straightforward as simple selling or buying. Various costs and legal and institutional restrictions impose constraints on short selling.
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Whereas existing literature attribute to short-sale constraints as a nontrivial factor in determining asset prices (see Rubinstein (2004) for a recent survey), the nature and the significance of their impact remain inconclusive.
2
It is often hypothesized that short-sale constraints cause overpricing. In an earlier paper, Miller (1977) argues that as short-sale constraints may keep more pessimistic investors out of the market, prices tend to reflect a more optimistic valuation than they otherwise would. 3 In a multi-period setting, Harrison and Kreps (1978) show that short-sale constraints can drive the price even above the valuation of the most optimistic investors based on their expectations of future payoffs. Nonetheless, whether short-sale constraints will always lead to overpricing is far from certain. Using a rational expectations model, Diamond and Verrecchia (1987) show that constraining short sales reduces the informational efficiency of prices but does not bias them upward. In this paper, we further demonstrate that under rational expectations, short-sale constraints can in fact cause asset prices to decrease, which is in sharp contrast to popular perception.
Previous analysis focuses on how investors' expectations of future payoffs affect asset prices and how short-sale constraints may influence the relation between investors' expectations and asset prices. It totally ignores how risk affects prices and how short-sale constraints influence the risk as perceived by investors. In fact, most of the previous work simply assume that marginal investors are risk neutral. 4 To the extent risk matters for asset prices, short-sale constraints also influence prices through their impact on investors' perceived risk about the fundamentals. In particular, when more informed investors with negative information are held out from the market by short-sale constraints, market prices become less informative about their information. Under rational expectations, less informative prices need not bias the expectations of less informed investors since they are fully aware of the possible negative information held by the constrained investors. But they do become less certain about what this information is. In other words, the loss of informational efficiency from short-sale constraints increases the risk as perceived by less informed investors. When investors are risk averse, the increase in risk causes the price to decrease. When the degree of information asymmetry is significant, short-sale constraints can lower asset prices.
We consider a rational expectations model in which investors trade in a competitive stock market for two distinctive motives, to share risk and to speculate on private information, and they are subject to short-sale constraints. In particular, investors are endowed with shares of the stock and certain non-traded asset. Since the payoffs of the non-traded asset and the stock are assumed to be correlated, investors want to trade the stock in order to share the risk from their non-traded asset. In addition, we assume that some investors receive private information about the stock's future payoff. Thus, these more informed investors also want to trade based on their private information. In such an economy, the market plays both an allocational role and an informational role, which allows us to examine how short-sale constraints affect the efficiency of the market in serving these two roles. Unlike in Miller (1977) and Diamond and Verrecchia (1987) , which focus on only one of the two trading motives, in our model trades driven by both motives can influence prices. As a result, short-sale constraints can affect the stock price differently through the limit they impose on these two types of trades. By comparing the equilibria of the two economies-one with short-sale constraints and another without, we obtain intriguing results on how short-sale constraints influence the behavior of asset prices.
We start by considering allocational trades. Some investors, when endowed with large amount of risks from the non-traded asset, may desire to take on negative positions in the stock. Constraining short sales will prevent them from doing so, and thus shifts the overall demand for the stock upwards. This has the simple effect of increasing the equilibrium stock price. This effect is in the spirit of Miller (1977) . But in our setting, the trades are motivated by the risk-sharing needs among investors, not different beliefs, which persist even in a fully rational expectations setting. Next, we consider informational trades, which are driven by the private information of more informed investors. Constraining short sales will prevent certain trades from informed traders with bearish news. Limiting these trades reduces the amount of information contained in the demand of the asset and the resulting price. Despite the fact that this reduction in the information content is asymmetric between good news and bad news, it does not cause a bias in the uninformed investors' expectations as they fully account for such an asymmetry when using the information revealed by the market. This is the main intuition of Diamond and Verrecchia (1987) . However, such a reduction in the market's informational efficiency does increase the uncertainty about the asset as perceived by the uninformed investors. This effect on the market's informational efficiency by the short-sale constraints will in turn affect investors' allocational trades. In particular, being risk averse, the less informed investors will reduce their demand for the asset in response to this increase in uncertainty. Consequently, the equilibrium price decreases when short-sale constraints limit the informational trades.
Since short-sale constraints limit both types of trades, the net impact on price depends on which one of the two effects dominates. We show that when the informational efficiency of the market is severely reduced, we have the surprising result that short-sale constraints can actually decrease asset prices. Also, in the absence of information asymmetry, short-sale constraints reduces stock price volatility as they limit the range of fluctuations in aggregate stock demand. But in the presence of information asymmetry, short-sale constraints can cause the price volatility to increase as less informed investors perceive higher risks and demand larger price adjustments in accommodating trades.
In addition, we show that with short-sale constraints, the market price becomes uninformative in certain states as informed investors are completely held out from the market. Such a failure for the market price to provide information leads to a surge in uncertainty about asset payoffs as perceived by the less informed investors. As a result, the price drops discretely in these states and price volatility jumps up. Such a price behavior resembles what we ob-serve during market crashes: Prices fall abruptly without large news event; the price drop is often accompanied by more confusion in the market rather than clarity about the state of the economy; and such an increase in confusion is reflected in the higher price volatility after a crash. Thus, our model implies that short-sale constraints can be a potential cause of market crashes.
Although several authors have suggested potential links between short-sale constraints and market crashes (e.g., Allen, Morris and Postlewaite (1993), Hong and Stein (2003) and Scheinkman and Xiong (2003) ), our results on market crashes are qualitatively different. In particular, in our model crashes arise from sudden increases in perceived uncertainty while earlier models associate crashes with revisions of expectations as more private information is incorporated into prices, which would be accompanied with decreases in perceived uncertainty and price volatility. The mechanism for market crashes in our model and its implications seem to be more consistent with what we observe.
Our paper also makes a technical contribution. In essence, our "partial revealing equilibrium" model is an extension of Grossman-Stiglitz (1980)'s framework with differently informed investors. However, with short-sale constraints, solutions to investors' posterior beliefs, optimal holdings, and the resulting equilibrium price become highly nonlinear in the underlying state variables. The nonlinear nature of the problem makes a closed-form solution hard to obtain and the analysis difficult. By properly choosing the preference and distribution assumptions, we are able to solve the model in closed-form in the presence of short-sale constraints.
Obtaining a closed-form solution facilitates the comparison and makes in-depth analysis possible.
The rest of this paper is organized as follows. Section 2 describes the basic model. Section 3 solves the equilibrium for a simple version of the model. Section 4 analyzes the impact of short-sale constraints on the behavior of asset prices. Section 5 considers the general solution to the model. Section 6 concludes. Proofs are in the appendix.
The Model
Our model attempts to capture two important features of the securities market: investor heterogeneity and short-sale constraints. Investors are heterogeneous in two dimensions, their risk-sharing needs and their private information about asset payoffs. They trade in the market either to share risk or to speculate on private information. However, they are constrained from short selling.
For tractability and expositional clarity, we will keep parsimony in modelling the economic environment and the heterogeneity among investors. The economy is further defined as follows.
Securities Market
There are two dates, 0, 1. Two securities are traded in a competitive securities market, a risk-free security, which we call bond, and a risky security, which we call stock. A unit of the bond yields a sure payoff of 1 at date 1 and each share of the stock yields a risky payoff ofṼ .
As a random variable,Ṽ consists of three additive components, V =V +F +ũ (1) whereV is the expected payoff,F andũ are both random variables with zero mean. We will use the risk-free bond as the numeraire and denote the price of the stock at date 0 by P .
Investors
There are two classes of investors-I-investors and U-investors. They are identical within each class but different between classes in terms of their information and risk-sharing needs. The population weight of I-investors is w, and that of U-investor is 1 − w. For convenience, we denote each investor by i, where i = I, U .
A Endowments
Each investor i (i = I, U ) is initially endowed with zero amount of the bond andθ ≥ 0 shares of the stock. In addition, he is also endowed withX i units of a non-traded asset. Each unit of the non-traded asset yields a payoff ofÑ at date 1. We assume thatũ andÑ have a covariance of σ uN . To fix ideas, we set σ uN to be positive. Thus, the risk from the non-traded asset is positively correlated with the risk of the stock. For simplicity, we further assume that X I ,X U andÑ are random variables with zero mean.
The heterogeneity among investors in their endowments of the non-traded asset gives rise to their needs in trading to share risk. In particular, a large endowment in the nontraded asset makes an investor want to reduce his stock holdings in order to maintain an optimal risk profile, when the payoffs from the stock and the non-traded asset are positively correlated. It is worth pointing out that introducing the non-tradable asset is merely a simple way to introduce investor heterogeneity in risk exposure, which then leads to their risk-sharing trades.
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Other forms of heterogeneity can be introduced to generate risk-sharing trades as well, such as heterogeneity in preferences (e.g., Dumas (1989) and Wang (1996) ) and beliefs (e.g., Detemple and Murthy (1994) , Miller (1977) , and Harris and Raviv (1993) ). We choose the current form of heterogeneity mainly for tractability.
B Information
At date 0, each investor observes his own endowment of the non-traded asset (X I orX U ).
In addition, I-investors observeF (their private information). Also, all investors observe the market price of the stock P . Thus, the information set of I-investors at date 0 is given by I I = {X I ,F , P }, and that of U-investors is given by I U = {X U , P }. At date 1, all uncertainty is resolved. Since I-investors have private information about the stock's payoff while U-investors do not, we will also refer to them as informed and uninformed investors, respectively.
C Preferences
Each investor is risk averse and chooses an optimal portfolio according to the Markowitz-Tobin mean-variance preference over his terminal wealth. Let θ i denote the optimal stock holding of investor i andW i his terminal wealth at date 1. We havẽ
The preference of investor i is given by We choose the mean-variance preference merely for tractability. It is noted that meanvariance preferences, although widely used in both theoretical analysis and practice, do not meet some of the standard conditions imposed on preferences. We can choose instead a quadratic utility function for the investors and show that the results we obtain in the paper remain qualitatively the same. For simplicity in exposition, we use mean-variance preference which gives closed-form solutions.
Short-Sales Constraints
We assume that investors are subject to short-sale constraints. In particular, we assume that for investor i (i = I, U ), his stock position is bounded below by a non-positive number:
Here, for convenience, the short-sale constraint is assumed to be the same for investors within the same class but can be different between the two classes. As our analysis later shows, this is immaterial. All we need is that some investors, especially some 
Distributional Assumptions
For tractability, we assume specific distributions for the shocks to the economy. In particular,
we assume thatF ,ũ andX I ,X U are uniformly and independently distributed. 
, respectively. In order to solve the model in closed-form, we need the following parameter restriction:
To simplify exposition, we will limit ourselves to a specific set of parameter values. In particular, we let
Also, we will focus on the case in whichX U = 0 (i.e., σ U = 0), b U = ∞ and b I = 0. In other words, only I-investors have inherent trading needs and face short-sale constraints. This case allows us to obtain our main results without bearing unnecessary details. In addition, we set V > a F + a u to rule out any negative stock payoffs.
The uniform distribution and the parameter restriction (4) are important for the closedform solution to the equilibrium. The other parameter restrictions are imposed mainly to simplify exposition and analysis. They do not affect the qualitative nature of our main results.
We will return in Section 5 to general solution of the model.
The Equilibrium
We now solve for the equilibrium of the economy defined in Section 2. The equilibrium concept we use is the standard one of rational expectations. In particular, in equilibrium investors maximize their expected utility:
and the market clears:
Given the mean-variance preference, the following result is immediate:
LEMMA 1 Investor's optimal stock holding is as follows:
where
From each investor's stock demand given in (8) , it is clear that he has two trading motives:
to share the risk from non-traded assets and to speculate on private information about future stock payoff. In the absence of information asymmetry, all investors perceive the same expectation and variance for the stock payoff, i.e., E[F |I i ] and Var[F |I i ]. The only factor driving the difference in their demand, and thus trading between them, is their risk exposure through the non-traded assetX i . In other words, they trade in the market to share this risk.
In the presence of information asymmetry, however, investors perceive different expectations and variances for the stock payoff. Their stock holdings also depend on these perceptions.
Short-sale constraints impose limits on the investors' trades, which will in turn affect the equilibrium price. However, the impact of short-sale constraints on prices heavily depends on the relative importance of these two types of trades. For this reason, we will first consider the simple case of symmetric information and then analyze the case of asymmetric information.
To simplify notation, we define p = P −V , which is the price of the stock adjusted for its unconditional payoff. For convenience, we will also refer to it simply as the stock price.
Symmetric Information
Suppose thatF ,X I andX U are all public information, i.e., (8) and (7), the equilibrium price at time 0 is
The economic meaning of the equilibrium price function is obvious. WhenX I = 0, the price simply equals the expected payoff,F , minus a risk premium, σ 2 uθ , which is proportional to the payoff variance of each stock share and the the number of shares per capita. WhenX I is, say, positive, the I-investors are exposed to the additional risk from their non-traded assets.
Since this risk is positively correlated with the risk from the stock, the I-investors will want to reduce their stock demand to optimize their overall portfolio, which includes both the stock and the non-traded asset. In particular, from (8) (
u can be interpreted as the hedge ratio, i.e., the number of shares an I-investor wants to short in order to hedge the risk from each unit of non-traded asset. The decrease in I-investors stock's demand causes its price to decrease by wσ uNXI , where w is I-investors' population weight.
We next consider the case with short-sale constraints, but only for the I-investors. The equilibrium price becomes
where θ =θ/(1 − w). We note that θ gives the stock shares each U-investor has to hold when all the I-investors are out of the market (i.e., hold no shares of the stock). Clearly, for X I ≤ θ/h, the short-sale constraint is not binding for the I-investors and the equilibrium stock price has the same form as in the case without short-sale constraints given in (9) . However, for X I > θ/h, the short-sale constraint is binding for the I-investors. In this case, the I-investors are out of the stock market and the U-investors are holding all the shares, which is θ for each one of them. The price simply becomes p =F − σ 2 u θ.
In equilibrium, an I-investor's stock holding is given by
Clearly, it is decreasing inX I . The short-sale constraint is binding whenX I >θ/[(1−w)h].
Note thatX I has an upper bound of a I . Thus,X I >θ/[(1−w)h] is possible only if
Otherwise,X I ≤θ/[(1−w)h] always holds; thus, the short-sale constraint is never binding for the I-investors and we have the unconstrained equilibrium despite the presence of the constraint. Since we are interested in the situation when the short-sale constraint is binding, at least sometimes, we will assume that condition (11) is satisfied unless stated otherwise.
Comparing the equilibrium price with and without the short-sale constraint, we see that The intuition behind this result is straightforward: Limiting some investors' holdings to be nonnegative effectively increases the total demand for the stock. In an economy with a downward sloping demand curve, it must drive equilibrium prices upward. This is the point of Miller (1977) , which focuses the impact of short-sale constraints when investors trade for allocational reasons.
Asymmetric Information without Short-Sale Constraints
We now consider the case when investors are heterogenous in both their risk-sharing needs and information on stock payoff. Since the I-investors trade for both risk-sharing and private information, their trades will not fully reveal their information. Thus, information asymmetry between the two types of investors persists in equilibrium. This makes the solution to the equilibrium challenging, especially in the presence of short-sale constraints. We solve the equilibrium in three steps. First, we conjecture a particular form of the equilibrium price function. Next, we derive the stock demand of the informed and uninformed investors under the conjectured price function. Finally, we confirm that the market indeed clears under the conjectured price function, which then gives us a market equilibrium.
We start with the equilibrium without any short-sale constraints. 
Apparently, the stock demand of the I-investors is linear inS and the stock price p * . Under the parameter restriction condition (5) 
where 1 A (x) is an indicator function, which equals 1 if x ∈ A and 0 otherwise. Moreover, the first two moments ofF conditional onS are:
Clearly, the posterior distribution ofF conditional onS remains uniform but is more precise than their prior information. Moreover,S is simply the mean ofF conditional onS. 
From Equations (12), (15) 
Moreover, p * is a continuous and strictly increasing function ofS.
Proposition 2 clearly confirms our conjecture about the form of the price function. Given the equilibrium price, we can derive investors' optimal portfolios:
and in the absence of short-sale constraints, I-and U-investors'
optimal stock holdings in equilibrium are given by
respectively. Moreover, an I-investor's optimal stock holding is a strictly increasing function ofS, and U-investor's is a strictly decreasing function ofS.
Figure 1 illustrates investors' equilibrium stock holdings. The specific values for the model's parameters are surely debatable. As our focus is to illustrate the qualitative impact of shortsale constraints, we adopt simple values for the model's structural parameters. In particular,
we set a u = a F = a I = 1,θ = 0.1, and w = 0.5. We then plot θ i against the mixed signalS. 
Asymmetric Information with Short-Sales Constraints
We now consider the case in which short selling is constrained. As before, we start by conjecturing the form of the price function and then confirm it with the solution of the equilibrium. We note that the conjectured price function in the presence of short-sale constraints is a weakly increasing function ofS. It is strictly increasing only over certain domain ofS (S > z) and remains constant outside this domain. Let p denote the price atS = z.
We now derive the investors' demand for the stock under the conjectured price function.
From Equation (8), I-investors' optimal demand for the stock is as follows:
For the uniformed investors, the situation is more complex. We first need to compute their posterior distribution ofF conditional on p. Using the Bayes rule, we have the following result:
LEMMA 4 Let f (F |p) denote the probability density ofF conditional on p, which satisfies Conjecture 2. Then,
where f (F |S) is given in Lemma 2 and z < 0 from Conjecture 2. Moreover, the first two moments ofF conditional on p are:
It is important to note that the mean and variance ofF conditional on market price are in general discontinuous at p = p. As we will see in Section 4, the discontinuity in the Uinvestors' perception about the fundamental has important implications on the behavior of the market.
From the U-investors' posterior distribution ofF conditional on price, we can then derive their stock demand:
LEMMA 5 If the price function has the form in Conjecture 2, then the U-investors demand
for the stock is given by
where p is the stock price atS = z.
Given the optimal stock demand of both classes of investors, we can now solve for the equilibrium. The result is given in the following proposition:
Suppose that σ U = 0 and investors face short-sale constraints. Let
and θ =θ/(1−w) as defined before. Then, z ≤ z * < 0. The equilibrium stock price is given
Moreover, the equilibrium price p is a monotonic function ofS, strictly increasing forS > z but constant forS ≤ z.
Obviously, our conjecture about the form of the price function is confirmed. Moreover, investors' stock holdings in equilibrium are given by:
It is easy to show that θ I is weakly increasing inS, and the short-sale constraint is binding only ifS ≤ z *
. Note thatS has a lower bound of −a F . Thus, short-sale constraint is binding, at least in some states of the economy, under condition (11). Figure 2 illustrates the equilibrium stock holdings of I-and U-investors, as a function ofS.
The equilibrium described in Proposition 3 exhibits an interesting feature. WhenS becomes less than z * , I-investors' stock holding becomes zero. In other words, they are no longer marginal investors. However, this does not immediately imply that the stock price becomes independent of their information in a Walrasian equilibrium. In fact, for z <S < z * , the equilibrium stock price still depends onS. For these states, only U-investors are marginal investors and they are willing to hold all the stock shares, at the equilibrium price given by (23).
The I-investors, would like to short the stock at these prices, but cannot. Thus, this perfectly satisfies the conditions of an equilibrium. The equilibrium stock price becomes independent ofS only whenS ≤ z. 
The Impact of Short-Sales Constraints on Asset Prices
Given the market equilibrium in the presence of short-sale constraints, we now examine how they affect the informational efficiency of the market and the behavior of asset prices. We do so by simply comparing the equilibrium with short-sale constraints to the equilibrium without.
Short-Sale Constraints and Informational Efficiency
Given that investors trade for both risk sharing and private information, the equilibrium price in general does not fully reveal investors' private information. In other words, the market is not informationally efficient. This is the case even without short-sale constraints, as shown in Section 3.2. U-investors remains uncertain aboutF in equilibrium, although at a lower level than ex ante. However, as short-sale constraints are introduced, the market price becomes even less informative aboutF as I-investors trade less in the market.
In order to see the impact of short-sale constraints on the informational efficiency of the market, Figure 3 ForS > z, the market price revealsS in both cases, with and without short-sale constraints, and the conditional moments ofF as perceived by U-investors are the same in the two cases.
However, forS ≤ z, the market price becomes uninformative in the case with short-sale constraints (see Proposition 3). For convenience, we refer to those states withS ≤ z as "uninformative states" in the presence of short-sale constraints. Obviously, when the economy falls into these states U-investors completely lose the ability to distinguish between them.
Thus, the conditional mean and variance ofF are flat for these states (i.e.,S ≤ z), as Figure   3 clearly shows. As a result, there is a discrete drop in both the conditional mean and variance ofF atS = z. As the price becomes uninformative, U-investors can only infer thatS ≤ z (while forS > z they can infer the precise value ofS). The larger range of possible low values ofS (lower than z) leads U-investors to assign higher probabilities to low values ofF , which gives a lower conditional mean. Intuitively, we expect the conditional variance to be higher as the price cease to revealS when there are short-sale constraints. As we will see below, this intuition indeed holds for these uninformative states. But conditional variance need not be higher for each uninformative state with short-sale constraints; it is higher for some states (those withS far from z) but lower for other states (those withS closer to z).
Given that short-sale constraints severely limit the amount of information the market price reveals in the uninformative states, we focus on the informational efficiency of the market in these states. We denote the set of these states by Ω B = {ω :S ≤ z}, where ω denotes an arbitrary state of the economy. First, we observe that for these states, the conditional mean and variance are constant, independent of the underlying state. In particular, we have 
From (25a), we immediately conclude that under rational expectations short-sale constraints do not bias U-investors' expectations of future payoff. This is the insight of Diamond and Verrecchia (1987). However, (25b) clearly shows that short-sale constraints do increase Uinvestors' perceived uncertainty about future payoff.
Since for other states, i.e. ω / ∈ Ω B , the conditional mean and variance are the same with and without short-sale constraints, the following result is obvious:
COROLLARY 2 Short-sale constraint does not bias U-investors' expectation of future payoff, but does increase their perceived uncertainty, as measured by their conditional variance, about future payoff.
As we see below, it is this adverse effect on perceived uncertainty that will lead to an adverse impact on price by short-sale constraints when investors are risk averse. If we use U-investors' perceived variance ofF conditional on market price as a measure of the market's informational inefficiency, then we have:
COROLLARY 3 Short-sale constraint reduces market's informational efficiency.
Short-Sale Constraints and Market Crashes
We now consider the impact of short-sale constraints on the equilibrium price. Figure 4 plots the price as a function ofS. The dotted line corresponds to the case without short-sale constraints and the dashed line corresponds to the case with short-sale constraints.
First, we note that forS > z * , where z * is given in Proposition 3, the equilibrium price is the same for the two cases. This is intuitive. In states whereS > z * , the short-sale constraints (F − σ uNXI ). The vertical axis is the equilibrium stock price at date 0 of two different cases. They are: p * , the equilibrium price without any short-sale constraints; and p, the equilibrium price when I-investors are short-sale-constrained.
are not binding for I-investors. Next, for z <S ≤ z * , the price with short-sale constraints, p (the dashed line), is higher than the price without short-sale constraints, p * (the dotted line).
Here, we have the situation in which short-sale constraints are binding for I-investors. Since their selling, either due to the need to hedge non-traded risk or negative information on future payoff, is curbed by the constraints, less downward pressure is exerted on the price. Thus, we see a higher price. This corresponds to the situation commonly discussed in the literature. To the extent that bubbles may burst at some point, these papers also provide a possible story for market crash. But these papers do not explicitly generate crashes. Using a similar model, Hong and Stein (2003) further show that short-sale constraints lead to negatively skewed return distributions, which is consistent with several characteristics of market crashes.
Our model and its predictions differ from these models in several important aspects. First, we assume no irrationality. Investors fully condition on the information conveyed by market prices in making their trading decisions. Second, in our model, market crashes are associated with discrete price drops in the absence of major shocks. This form of market crash is more drastic than the form of negative skewness considered by Hong and Stein (2003) . Third and more significantly, in our model a market crash is generated by a sudden surge in uncertainty as perceived by less informed investors rather than a change in asset value as perceived by investors. It is the latter that previous work has focused on. In fact, most of the existing models on the impact of short-sale constraints assume risk-neutrality for marginal investors.
Fourth, in our model price drop is accompanied with an increase in risk as perceived by investors. As a result, return and volatility are negatively correlated, especially during a crash. This is consistent with the empirical evidence. This is also consistent with the fact that stock price crashes appear to involve more confusion and uncertainty rather than transparency and clarity, while explanations based on the revelation-of-news imply the opposite.
The Average Price Level Under Short-Sale Constraints
We next compare the average values of p and p * to examine the overall impact of short-sale constraints on the equilibrium price. As our discussion in Section 3.1 shows, in the absence of information asymmetry, short-sale constraints only curb large sales for risk-sharing, and thus increase prices. In the presence of information asymmetry, however, curbing trades motivated by private information makes the price less informative to U-investors, who are the marginal investors in the market. Given that investors are risk averse, the reduction in the informativeness of the market has the effect of decreasing the stock price. The net effect of short-sale constraints on the price depends on the relative importance of information asymmetry. From equations (16) and (23), we have the following proposition: PROPOSITION 5 For every parameter set {a u , a F ,θ}, there exists 0 < w < 1, for all w < w,
7 See, for example, Black (1976) , Christie (1982) and French, Schwert, and Stambaugh (1987) .
Thus one of our central results is that short-sale constraints can cause the average price level to fall when information asymmetry is important. This is in sharp contrast to the previous work (e.g., Miller (1977) and Diamond and Verrecchia (1987) ). Figure 5 provides a numerical illustration, showing how stock price level changes vary with w, the fraction of I-investors. In order to see intuitively why small w leads to a negative impact on stock prices, consider the extreme situation where w is close to zero, i.e., the fraction of I-investor's population is very small. In this case, even though short-sale constraints increase their optimal demands, the corresponding increase of aggregate market demand is near zero. Consequently, the allocational effect of short-sale constraints on asset prices is negligible. However, the informational effect of short-sale constraints can be nontrivial. Despite the small population weight, I-investors provide an important source of information to the market through their trades. In particular, the amount of information revealed by the market price can remain substantial even when the total size of trades from I-investors is very small. And its impact on the equilibrium price can be significant. Therefore, for small w, the informational effect of short-sale constraints becomes dominant, which leads to a decrease in prices.
To illustrate the informational effect of short-sale constraints more clearly, let us focus on the extreme situation in which w = 0 + . In this case, the allocational effect of shortsale constraints on asset prices is actual zero, so the price change is purely attributed to the informational effect. By calculations the difference in expected prices is given as:
Using the results of Proposition 4, it is easy to show that
The intuition behind equation (26) is straightforward. Since short-sale constraints increase U-investors' perceived uncertainty about future payoff, in equilibrium they will require a higher risk premium and drive the current price downwards. The difference in expected prices simply equals the product of the probability of the uninformative states Ω B , the increase in risk given
] Ω B , and the aggregate stock holding,θ. This difference is zero only if the aggregate stock holding equals zero (θ = 0), or short-sale constraint is never actually binding (z = −a F ). Otherwise, the expected price change is always negative.
Equation (26) 
Note that E[p − p * ] ≤ 0 always holds for w = 0 + , the results above are intuitive. As σ F , the measure of information asymmetry, increases, the informational effect of short-sale constraints drives asset price to decline more. There are two reasons. First, with a larger σ F , I-investors will trade more aggressively based on their private information. Consequently, they are more likely to run into the short-sale constraint, i.e., the likelihood of stock prices being uninformative increases. Second, the larger degree of initial information asymmetry, the larger increase of U-investors' perceived uncertainty when short-sale constraints are binding. So the stock price will decline more under short-sale constraints. The impact of the risk in the stock's payoff, given by σ u , on E[p − p * ] is just the opposite. As σ u increases, I-investors become less aggressive in trading both for risk-sharing and speculating on their private information, as a result, the likelihood for them to be short-sale constrained, or the prices to be uninformative becomes smaller. Thus, the informational impact of short-sale constraint on asset prices is weaker, as Proposition 6 states.
From Propositions 5 and 6, we see that the informational effect of short-sale constraint becomes dominant when information asymmetry is important. So the following result is obvious:
COROLLARY 4 In a market with high degree of information asymmetry, short-sale constraints can increase the cost of capital.
Highlighting the importance of information asymmetry, Corollary 4 suggests the possibility that allowing short sales can actually reduce the cost of capital, which contradicts the results of Miller (1977) or Diamond and Verrecchia (1987) . In particular, short-sale constraints can affect equilibrium price even under rational expectations. Although short sale constraint does not bias uninformed investors' expectation of future payoff, it increases their perceived uncertainty. Being risk averse, they demand a higher risk premium in holding the asset.
There is an extensive empirical literature on the impact of short-sale constraints on stock prices. Most of the empirical studies focus on the individual stocks in the US stock market.
Using different proxies for the constrains, the majority find that short-sale constraints are associated with stock overpricing, but a few do not.
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However, some international marketwide studies yield different results.
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For example, Charoenrook and Daouk (2005) examine the short-selling regulation and practice of 111 countries. Using both event-study and panel regression methods, they find that the cost of equity is significantly lower when short-selling becomes possible.
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Our model provides a possible explanation. Perhaps in highly developed financial market such as US, the degree of information asymmetry is relatively lower, so the allocational effect of short-sale constraints dominates and market price goes up, as shown in Section 3.1. However, 11 Examining 31 short-selling rule changes, Charoenrook and Daouk (2005) find a significantly positive abnormal return of 3.6% when rules are relaxed. Moreover, using panel regressions, they find the cost of equity is lower by 1.07% per year when short-selling is possible.
in other emerging markets which have higher information asymmetry, short sales constraint may have greater informational effect that outweigh its allocational effect, as Proposition 5 and Corollary 4 suggest. 12 
Price Volatility
Let us now consider how short-sale constraints affect the volatility of prices in the current model. As we mentioned before, short-sale constraints limit both allocational and informational trades of investors. However, curbing these two types of trades have different effects on the behavior of equilibrium price, including its volatility. In order to illustrate these two difference effects, we first examine the case of symmetric information, which is defined in Section 3.1. Hence, the difference of price volatility is simply due to the impact of short-sale constraints on allocational trades.
From equations (9) and (10), we have
Comparing the price volatility with and without short-sale constraints, we have the following ].
The intuition behind this result is as follows: Forbidding short selling limits the demand fluctuation due to (negative) endowment shocks, which will in turn, reduces price volatility.
However, when investors have heterogenous information, the result becomes more complex.
In this case, short-sale constraints affect not only investors' stocks holding bound but also their information set. First, like the case of symmetric information, constraining short selling smooths the random demand shocks, which could reduce price volatility. On the other hand, 12 International evidence at the individual stock level is relatively scarce. Chang, Cheng and Yu (2005) examine the short-sales practice in the Hong Kong market, where individual stocks can only be sold short when they meet certain size and liquidity criteria and are added to an eligible list. Their evidence suggests that stock price decreases when short-sales constraints are relaxed, especially under the presence of heterogeneity in investors' beliefs. As the stocks added to the list are the largest and most liquid ones in the market, it could be interpreted as consistent with our model in that the effect might well be due to the dominance of allocational need rather than the information asymmetry effect.
as we showed before, short-sale constraints also decrease the informativeness of market price and increase the perceived uncertainty of U-investors. This increased in perceived risk will drive price variance upward.
Using the results of Propositions 2 and 3, we can calculate the price variance with and without short-sale constraints, respectively. The comparative results are shown in Figure 6 . From Figure 6 we can see that in the presence of asymmetric information, it is not the case that short-sale constraints always stabilize prices and reduce price volatility. In particular, when w, the fraction of I-investor is small, the informational effect of short-sale constraints will become the dominating factor, which leads to an increase of asset price volatility, instead of decrease.
Our model ties in nicely with some empirical findings. For example, Gulen and Mayhew (2000) study the introduction of equity-index futures trading (which can be viewed as relaxation of short-sale constraints) and market volatility changes. They find that in most markets, introduction of stock index futures appears to have contributed to a decrease in price variance.
In the U.S. and Japan, however, the opposite appears to be the case. These results support our prediction that in markets with higher information asymmetry, allowing short sales can actually increase their informational efficiency and stability.
The General Case
In the above discussion, we only considered the simple case when only the I-investors have trading needs and face short-sale constraints (i.e., σ U = 0 and b I = ∞). We also imposed parameter restriction (5) to simplify solution. Although this case is sufficient in analyzing the impact of short-sale constraints on asset prices, for completeness, we present in this section the solution to the more general case when both classes of investors have trading needs and face short-sale constraints. We still maintain the parameter restriction (5) for brevity in exposition.
The solution to the most general case is omitted here but available upon request.
We start by conjecturing the form of the price function: CONJECTURE 3 In the presence of short-sale constraints, the stock price, denoted by p, only
Under the conjectured price function, we derive the investors' optimal demand for the stock.
For I-investors, from Equation (8) we have:
For U-investors, Lemma 4 still holds and we have:
LEMMA 6 Under the price function in Conjecture 3, the U-investors' demand for the stock is given by
where p(X U ) is the stock price atS = z(X U ).
Given the optimal stock demand of both classes of investors, we now solve for the equilibrium. For convenience, we define
Clearly, θ I is the stock holding of each I-investor when all U-investors are short-sale constrained, i.e., short-selling the maximum amount b U , and θ I is the stock holding of each U-investor when all I-investors are short-sale constrained, i.e., short-selling the maximum amount b I . We also define
The equilibrium is given in the following proposition:
investors are constrained from short selling, the equilibrium stock price is given by
Moreover, conditional onX U , the equilibrium price p is a monotonic function ofS, strictly
Clearly, our conjecture about the form of the price function is confirmed. Given the equilibrium price, the investors' equilibrium stock holdings are given by:
We see that result in Proposition 8 is qualitatively similar with that of Proposition 3.
The major difference is that short-sale constraint can be binding for U-investors. As the Uinvestors trade only for risk-sharing, the direct impact of short-sale constraints on their trades and the resulting price is similar to that examined in Section 3.1.
Conclusion
In this paper, we present a rational expectations equilibrium model with heterogeneously informed investors to analyze the impact of short-sale constraints on asset prices. We show that constraining short sales reduces market's allocational and informational efficiency by limiting trades for risk-sharing and private information. However, these two effects drive market prices in opposite directions. Limiting trades for risk sharing effectively increases the total asset demand. This has the effect of increasing asset price and decrease its volatility.
Limiting trades for private information reduces the informativeness of market prices and raises the risk as perceived by less informed investors. This has the effect of decreasing asset price and increase its volatility. We show that when the information effect is significant, shortsale constraint can actually cause prices to decrease and to be more volatile. These results shed new lights on the growing empirical evidence on the impact of short-sale constraints.
Moreover, we show that short-sale constraints can give rise to market crashes. Crashes occur in our model when better informed investors are held out from the market and prices cease to be informative. In this situation, the risk as perceived by less informed investors in the market surges, causing price to fall discretely. Such a price fall in our model is accompanied with no big news, a jump in perceived uncertainty and an increase in price volatility. These characteristics resembles observed stock market crashes.
function forF andX is simply f F ,X (F ,X) = f F (F )f X (X). From Conjecture 2, when p > p we have f (F |p) = f (F |S) and Proof of Propositions 2, 3 and 8. We prove Proposition 8. Propositions 2 and 3 will follow as special cases. We need to show that there is a solution to the market clearing equation (7) of the form given in Conjecture 3. First, let
Since k(X U ) ≥ 0, using condition (4) we have
And note that from condition (4), we also have 
